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1. Introduction 



Tensionless strings, or null strings, have been studied from various aspects,'^"® since 
Schild gave an earlier formulation of tensionless bosonic stringsP As mentioned in the lit- 
erature, tensionless strings are expected to be realized as the extremely high-energy limit 
of ordinary tensionful strings. Also, tensionless strings might be useful to illustrate a con- 
figuration of QCD strings that occurs in the transition from the confinement phase to the 
deconfinement phase. In many of the local field theories, particle masses are treated as sec- 
ondary contents provided by mass-generation mechanisms such as the spontaneous symmetry 
breaking. If this view can be extended to string theory, the string tension would be a sec- 
ondary part provided by some unknown mechanism. In this context, we should begin with 
tensionless strings, and then should consider a mechanism for deriving tensionful strings. 
Interesting ideas for generating string tension have actually been proposed in Ref. [9]). 

To quantize strings, it is necessary to define the ordering prescription for the Hamiltonian 
operator of a string.fl^ It is known that tensionless strings can be consistently quantized not 
only with normal ordering but also with Weyl ordering. The normal ordering prescription 
leads to the existence of critical dimensions, as in the quantization of ordinary tensionful 
strings: the quantization with normal ordering is consistent only at = 26 for tensionless 
bosonic strings and at D = 10 for tensionless supersymmetric strings.!^ In contrast, the Weyl 
ordering prescription causes no critical dimensions .'^"'^ This makes us expect that tensionless 
strings in 4-dimensions can consistently be formulated at the quantum-theoretical level as 
well as at the classical level. 

Here, we turn our attention to the fact that the twistor theory provides elegant de- 
scriptions of 4-dimensional systems having no mass scales.'^"'^ Using twistor variables, 
Shirafuji has constructed a simple Lagrangian formalism for massless spinning particles in 
4-dimensional Minkowski space.'^ This was steadily accomplished through rewriting an 
ordinary action for a massless particle in terms of the space-time coordinates and the 4- 
momentum represented as a bilinear form in 2-component spinors. A similar spinor repre- 
sentation of the momentum-like bivector was introduced by Gusev and Zheltukhin to define 
a 2-component spinor formulation of tensionless bosonic strings in 4-dimensional Minkowski 
space.l^ The action proposed by them is certainly a spinorial action for a tensionless string. 
However, in their approach, it is unclear how this action is derived from a vector formulation 
of tensionless strings, in comparison with the particle case. Although Gusev and Zheltukhin's 
action governs a spinor formulation of tensionless strings, it is difficult to rewrite this action 
only in terms of twistor variables. Hence, Gusev and Zheltukhin's action is not appropriate 
for constructing a genuine twistor formulation of tensionless strings. A twistor formulation 
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of tensionless bosonic strings has actually been proposed by Ilyenko.^^' However, in this 
approach, we cannot expect a simple canonical treatment, because Ilyenko's action for a 
tensionless string consists of terms quartic in two null twistors and their dual twistors. 

The purpose of this paper is to construct a simple genuine twistor formulation of ten- 
sionless bosonic strings in 4-dimensional Minkowski space and to carry out some classical 
analyses in this formulation. To steadily achieve the purpose, we begin with a first-order 
formalism for bosonic strings that leads, in the tensionful case, to the Nambu-Goto string 
theory.'^S In the tensionless case, this formalism gives a pair of simultaneous constraints 
that can be solved in terms of 2-component spinors. With the spinor solution to the pair 
of constraints, the first-order action of a tensionless bosonic string is written in a spinorial 
form. The spinorial action obtained here is essentially identical to Gusev and Zheltukhin's 
action; however, we derive it in a systematic way on the basis of the first-order formalism. 
We also carry out a classical analysis based on the spinorial action to confirm the relation 
to the first-order formalism. For convenience, next we find an alternative spinorial action 
from Gusev and Zheltukhin's action. Also, we verify that the alternative spinorial action 
yields Gusev and Zheltukhin's action. Although an action similar to the alternative spinorial 
action is seen in Ref. I^T]) . its construction is essentially different from ours. Our approach 
makes it clear that the alternative spinorial action actually describes a tensionless bosonic 
string. 

We construct a genuine twistor formulation of tensionless strings by considering the spinor 
formulation governed by the alternative spinorial action. This is performed in accordance 
with a concept of twistor theory that twistors are more primitive than the space-time coor- 
dinates.'^''^''^ We therefore start from an action consisting of a twistor, its dual twistor 
and Lagrange multiplier fields. Then, we show that this action reduces to the alternative 
spinorial action by imposing the null twistor condition. It is also shown that the null twistor 
condition can naturally be obtained by modifying the action so as to leave the modified 
one invariant under the local phase transformation of the twistors. The modified action re- 
mains invariant not only under the local phase transformation but also under the local scale 
transformation of the twistors. For this reason, the twistors constituting the modified action 
are treated as projective twistors. We carry out some classical analyses on the basis of the 
modified action written in terms of rescaled twistors and Lagrange multiplier fields. This 
action yields two constraint conditions: the null twistor condition and a subsidiary condition 
associated with reparametrizations of the string spatial parameter. With the Dirac brackets 
defined for the rescaled twistors, it is demonstrated that the two constraints constitute a 
closed algebra involving the (classical) Virasoro algebra without central extension. We also 
mention a resemblance between our twistor formulation of tensionless strings and the twistor 
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formulation of massive particles.'^''221''l231i 

The present paper is organized as follows: Section 2 presents a first-order formalism for 
bosonic strings in 4-dimensional Minkowski space and examines reparametrization symmetry 
of a tensionless string. In §3, the first-order action of a tensionless string, given in §2, is 
rewritten in terms of 2-component spinors. Here, it is pointed out that the resulting spinorial 
action is essentially identical to Gusev and Zheltukhin's action. A simpler equivalent form of 
the spinorial action is found in §4. Because this form is not fully reparametrization invariant, 
it is improved to an alternative spinorial action in such a way that the full reparametrization 
invariance is restored. In §5, we construct a twistor formulation of tensionless bosonic strings, 
verifying that it can reduce to the spinor formulation treated in §4. Section 6 considers local 
phase and scale symmetries in the twistor formulation. In §7, we carry out some classical 
analyses in the twistor formulation. Section 8 is devoted to a summary and discussion. 
Appendix A contains a summary of 2-component spinor notation and a solution to a pair of 
simultaneous constraint equations. Appendix B provides a twistor formulation of massless 
particles for comparison with our twistor formulation of tensionless strings. 

§2. A first-order formalism for bosonic strings 

We treat a string propagating in 4-dimensional Minkowski space M with the metric tensor 
rjf^i, = diag(l, — 1, — 1, — 1). Let x'^ = x^{t,(t) {ji = 0,1,2,3) be space-time coordinates of 
a point on the world sheet, E, that the string sweeps out as it moves in time. Here, r 
(tq ^ T < Ti) is a parameter describing time development of the string, and a (ctq < o" < 
is a spatial coordinate along the string. Then, it follows that (i;^) [x^ := dx^/dr] is a 
time-like or null vector, while {x^) [x^ := dx'^^ /da] is a spacelike vector: 

:= x^i;'' > , (2.1a) 
:= f ^^i/^ < . (2.1b) 

The world sheet E is defined by the mapping (r, a) t— )■ x^(r, a) from the 2-dimensional 
parameter space S := {(r, cr)}, a subspace of M^, to M, so that E is parametrized by (r, a). 
With this mapping, it is possible to identify S with E. The surface element of E is given 
by v^^drda with v^'^ := x^x" — x^x^. 
Let us consider the action 

Si= I drdati (2.2) 
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with the Lagrangian (density)0 



^1 = \v,.v^'' - lep.^p''' - \fp,uP''' - '-^T^ ■ (2-3) 

Here, T is a constant with the dimension of mass squared, p^j^p = Pfiu{'T,o') are real scalar 
fields on S satisfying p^^^, = —pufi, and p'^^ denotes the Hodge dual components of p^,^ : 
p^''' := \e'^"P"pp„ ^g0i23 _ _-|^^^ Also, e = e(r, a) and / = fir, a) are real scalar-density 
fields on that is, real fields on S that edrda and fdrda behave as scalars under the 
reparametrization 

T ^t' = t'{t, a), a ^a' = (t'{t, a) . (2.4) 

The space-time coordinates x'^ = x^(r, a) are regarded as real scalar fields on S. Note that 
the action Si is first order in v'^'^ . It is now evident that the action Si remains invariant under 
the reparametrization (12 ■4p . Because the Lagrangian fl2.3p contains no derivative terms of 
p^u, e and /, these fields are treated as auxiliary fields. Variation of with respect to 
yields the equation 

v^u = ep^„ + fp^^, (2.5) 

whose Hodge dual is found to be 

Vfi.^ = -fp,iu + (ipfiu , (2.6) 
where v^i, := = ep_uptjx''x" . Equations (12. 5 p and (12. 6p are inversely solved as 



Pf^u = g2 ^ p (^^('^ ~ ' (2.7) 
Pi^u = -Y^—F^ifvpu + ev^y) . (2.8) 



Substituting Eqs. (12. 7p and (12. 8p into Eq. (12. 3p and using the identities v^^jV^" = and 
Vfj.yV^^" = -VpuV'^", we obtair0 



The Lagrangian (|2.3p remains invariant under the parity transformation {^x^,x^) {^x^,—x^) ii = 
1, 2, 3), provided that the relevant fields transform as poi ^ ^Poi, Pij Pij, e ^ e, and f ^ —f- 

**^ In a particular gauge (e, /) = (1, 0), Eq. (|2.9I) reduces to the Schild Lagrangian,^' up to an additional 
constant -T^/2. 
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From this, the Euler-Lagrange equations for e and / are derived, respectively, as 

1-^^K = 0, (2.10) 

-K = 0, (2.11) 
e 

where 

^^= 2(e4'/T "^^'''^^^'- ^^-^^^ 
Combining Eq. (I2.10p with Eq. (12. lip leads to K = 0, which can be written as 



T=^--v,,v^^^ (2.13) 

under the condition e > 0. In the case T > 0, referred to as the tensionful case, it is possible 
to completely eliminate e and / from Eq. f l2.9p by using Eq. f l2.13p . After eliminating e and 
/, we have 



Cl = -T^^-KJ^,v^^- . (2.14) 

The Lagrangian fl2.14p is precisely the Nambu-Goto Lagrangian with the tension parameter 
T.ESJ Thus, we see that in the tensionful case, the action 5*1 is classically equivalent to the 
Nambu-Goto action. The equivalence at the quantum-theoretical level can be demonstrated 
by means of the path-integral method. 

Now, we return to the Lagrangian f l2.3p . From this, the Euler-Lagrange equations for e 
and / are derived, respectively, as 



^M'^^+(i-{J)t^ = 0, (2.15) 



\p,.P^'' -—T^ = ^- (2.16) 

Substituting Eq. (EH) into Eq. f l2J[5|) yields Eq. f l230|) . and substituting Eqs. (E?]) and 
([23]) into Eq. (EH]) yields Eq. ( 12TT|) . As shown above, Eq. flZTOjl . together with Eq. fl2TT]l . 
leads to Eq. fl2.13p . In this way, we can directly derive Eq. (I2.13P from the Lagrangian (12. 3p 
without going through the Lagrangian (12. 9p . 

Next, let us consider the tensionless case, T = 0, in which Eq. (12. 2 p reads 

^1 = / drdaCi (2.17) 
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with 



= \p,.v^^ - \ep,.p^^ - \fp,.p''^ . (2.18) 



Correspondingly, Eqs. fl2.15p and f l2.16p become 



p^uP^'' = ^, (2.19) 
P^.ur'' = , (2.20) 



^^^^ = x^^ = 0^ (2.21) 



and Eq. 02.131) reduces to 

1 

where ^. Equation fl2.2ip is precisely the null world-sheet condition found by 

Schild^' at the initial stage of study of tensionless strings. Since the tensionless string is 
characterized by the condition f l2.2ip . it is often refereed to as the null string. Equations 
(12. lap and (I2.1bp give x^x^ < 0, whereas Eq. fl2.2ip gives i^i^ > owing to (x ■ f )^ > 0. 
Both of these contrastive conditions are valid if and only if x'^x'^ = 0. Because < 0, the 
condition x^i^ = implies x"^ = 0. Also, x^x^ = leads to x ■ x = via Eq. fl2.2ip . We thus 
obtain, from Eqs. and flCTjl . 

x2 = 0, (2.22) 
x-x = 0. (2.23) 

Equations (12.221) and (I2.23P imply together that each point on the string moves at the speed 
of light in a direction normal to the string curve at that point. In the ordinary (tensionful) 
string theory, Eq. (12.231) is set by hand as a part of the so-called orthogonal gauge condition. 
By contrast, in the present tensionless model, Eq. (I2.23p is necessarily derived from the 
action 5*1, supplemented with Eqs. (12.11) . as a (classical) condition inherent in the model. 

Recall here that the space-time coordinates x^ are scalar fields on S, satisfying x''^(r', a') = 
x^{t, a). The derivatives of x'^ with respect to r' and a' are written as 

^ ~ dr'"^ + dr'"^ ' " da' ^ da' ' ^ ' 

Using Eqs. ( l2:22|) . (|2:23|) and (|221, we can show that 

x'-={^\x\ x'.x' = ^^x\ x'-={^\x\ (2.25) 



\dr' J ' dr' da' ' V^*^'. 

The transformed coordinates x''^ must satisfy the same properties as x'^, because there 
are no essential differences between (r, a) and (r',cr'), and furthermore, the action 5*1 is 
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reparametrization invariant. Then, it follows that Eqs. (12. ip and ( I2.2ip are valid also for x''^ 
and x''^, so that x'"^ > 0, x'^ < 0, and x'^x'^ — {x' ■ x'Y = 0. Hence, following the procedure 
for deriving Eqs. (12.221) and f l2.23p . we obtain their counterparts x'"^ = and x' ■ x' = 0. 
Taking into account Eq. (]2.1bp . we see that the conditions x'^ = x' ■ x' = and x'^ < are 



compatible with Eq. fl2.25p if and only if da/dr' = and da /da' ^ 0. These imply that 
(T is a strictly increasing or decreasing function only of cr', denoted as a = a{a'). With its 
inverse function, a' = a' (a), we have a restricted form of Eq. (12.40 : 

r -> r' = r'(r, a), a ^ a' = a'{a) . (2.26) 

As a result, it turns out that only the restricted reparametrization (I2.26P is allowed in 
the tensionless string, at least at the classical level, owing to the presence of the condition 
(12. ip . As we have seen, Eq. (I2.26P is obtained through the use of the classical equation (I2.2ip 
derived from 5*1, together with the additional condition (12.11) : in fact, Eq (12.261) is found after 
solving Eqs. (12. ip and (I2.2ip simultaneously. For this reason, Eq. (I2.26P cannot be regarded 
as a primary transformation involved in the tensionless string model. The reparametrization 
that should first be considered at the action level is precisely the full reparametrization (12. 4p : 
in fact, the action 5*1 remains invariant under the reparametrization (12.41) . 

From the Lagrangian (I2.18p . the canonical momentum conjugate to x'^ is found to be 

where Eq. (12. 7p has been used. Then, using Eq. (I2.2ip . we have 

P^P'^ = . (2.28) 

(In the tensionful case, the use of Eq. (I2.13P leads to P^P^ + T^x^ = 0.) Also, the antisym- 
metry property of p^y in its indices guarantees that 

x^P^ = . (2.29) 

Equations (I2.28P and (I2.29P are the Virasoro constraints characterizing the tensionless string. 

§3. A spinor formulation of tensionless bosonic strings 

The simultaneous equations (I2.19P and (I2.20p can be solved in terms of a space-time 
2-component spinor Tr^ = 7fa(r, a) (a = 0,1) and its complex conjugate tTq = 7ro,(r, a) 
(d = 6,i): 

= (ytJ^'^Cr/^i^aT^p^aP + ^a^/^^a/j) • (3-1) 
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(For details, see Appendix A.) Here, tTq and it a are assumed to behave as scalar fields on S. 
The pair of Eqs. (EH]) and ( KW^ is equivalent to Eq. As seen above, Eqs. fl^3^ 

and (I2.20p are incorporated in the Lagrangian (I2.18P by means of the auxiliary fields e and 
/. To make a parallel formulation, we incorporate Eq. (13. ip in a Lagrangian with the aid 
of Lagrange multiplier fields h^'^ = h'^'^{T,a) satisfying h'^'^ = —h'^'^. They are assumed to 
transform in the same manner as under the reparametrization (12.41) . An appropriate 
Lagrangian is given by 

A = Ip^uV^" - lh^'''{p^u - a/V/^ (vr^vr^e + n^n^e^^^ } , (3.2) 
which can be expressed in the 2-component spinor notation as 

A = - Ih-'^'iPa,^, - (j^o^TT^e^, + ^crr.e^,) } , (3.3) 

where w"'^"^ = v''''af,'"^a/^ = x'"^x'^^ - From Eq. (Q, the Euler-Lagrange 

equation for J9q,^q,^ is found to be /i"^"/^ = t>"/'"^. Putting it back to Eq. (13. 3p . we have 



= '^'^TfaTf^g + X^"' x'^'^ TTalT ^ , (3.4) 



where 



._ . ^/37 + ^IS.^ai _ (35) 



Under the reparametrization (12.41) . w"'^ transforms as 



d{r, a) 



d{T',a') 



w"'^ . (3.6) 



Hence, the action with the Lagrangian (13. 4p . 

5*2 = / dTdaC2 , (3.7) 



remains reparametrization invariant. 

Now, we demonstrate that the spinorial action 5*2 actually describes the tensionless string. 
Variation of ^2 with respect to tTq, yields 

w'^^TTp = . (3.8) 
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Taking into account the symmetry property w""^ = w^", we can solve Eq. (13. 8p as 

w"'^ = cn^'n^ , (3.9) 

where c is a complex-valued scalar-density function on S. We note here that v"^"^ can be 
written as 



(See Eq. (lA-lip in Appendix A.) Then, using Eq. (13. 9p and tToTt" = vTaVr" = 0, it is readily 
seen that 

= (cvr^vr")^ + {cn^n-y = . (3.11) 

Equation (13. lip turns out to be the null world-sheet condition (12.211) . For this reason, 5*2 is 
recognized as an action for the tensionless string represented in a spinorial form. The action 
5*2 is essentially identical with the one discovered by Gusev and Zheltukhin in a simplistic 
way in a different context.'^ In our approach, 5*2 has been found in a systematical way based 
on the action (12.171) by exactly solving the pair of constraint equations (I2.19P and (I2.20p . 
Substituting Eq. (13. 9p and its complex conjugate into Eq. (I3.10p . we have 

V = CTT 71 € + CTT TT^e . l^.izj 

Here, we express the complex-valued function c as c = a + ib, where a and b are real scalar- 
density functions on S. Accordingly, Eq. (I3.12p can be written as 

in terms of p^P"^ = ti^-t^P^^P -|- Tr^yr/^e"/^ and its Hodge dual p"'^'^^. Setting a = e and b = —f 
in Eq. (I3.13p . we see that Eq. (I3.13P just corresponds to Eq. (12. 5p . In this way, Eq. (12. 5 p 
can be reproduced from 5*2. 

Using the identity 2i"^ia^ = we can readily prove 2x°"^x^^WaiB = —iP'w°'^. This 

becomes 

2cf°°7r„f'^^7r;3 = -cfV°7r^ (3.14) 

under the substitution of Eq. (13. 9 p and its complex conjugate. Contracting both sides of 
Eq. (I3.14P by vTaVr^ leads to 2c(x"°7faVrQ,)^ = —0x^(71^7?")^ = 0. From this, provided c 7^ 0, 
it follows that 

f"°7r«7r^ = 0, (3.15) 
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or equivalent ly 



i""7r« = /7r", (3.16) 



where / is a complex-valued function determined below. Combining Eq. f l3.16p and its 
complex conjugate, we obtain x^^Xq.^tt'^ = — |/p7r^. Using the identity 2x"^ia7 ~ i^^'^-y 
again, / is uniquely determined to be / = —x"^ /2e^'^ up to a phase (j). Here, we should note 
that this holds by virtue of the condition fl2.1bp . Equation fl3.16p now reads 



i"°7r« = ^-i^e^-^vr". (3.17) 

In this way, Eq. f l3.17p is derived from Eq. (13.151) . Conversely, Eq. (I3.15P is satisfied with 
Eq. (I3.17p . For these reasons, the equivalence between Eqs. (I3.15P and (I3.17P is established. 
The phase seems to be arbitrary, but actually, it is related to e and /. In fact, substituting 
Eq. (I3.17P into Eq. (I3.14p gives c = |c|e~*'^, and hence, it follows that tan0 = —h/a = f/e. 
This implies that is a scalar field on S defined from the ratio of / to e. The phase (p is 
thus fixed by means of Eq. (I3.14p . which originates from the action 5*2. 

Recall that the null world-sheet condition (I2.2ip was obtained also from the action 5*2. 
As a result, Eqs. (I2.22p and (I2.23P are valid in the present spinor formulation. Following 
the procedure for deriving Eq. (I3.17p . and using Eq. (I2.22p . we can derive 

i;°"7r« = (3.18) 

from the identity 2x"''^Xo,-y = x^5^a^ and Eq. ([33]). Taking into account Eqs. fl2:22|) and (E23D, 
we can demonstrate that Eqs. (I3.17P and (I3.18P behave as a pair of covariant equations under 
the restricted reparametrization (12.261) . provided that cr' = cr'(cr) is a strictly increasing 
function. 

From the Lagrangian (13. 4p . the canonical momentum conjugate to is found to be 

dC 

Pad ■= = XpaT^aT^^ + i^^TTc^TT^ , (3.19) 

which yields 

p2 p^^p^<^ = _2 (i""7r^7r<i) 2 , (3.20) 
x-P := x'^'^Paa = x""7r„x;3^7r^ + x'^^n^x^^Ti^ . (3.21) 

As can be seen from Eq. (I3.20p . the condition = is equivalent to Eq. (I3.15p . and, hence, 
to Eq. (I3.17p . Also, substituting Eq. (I3.17P and its complex conjugate into Eq. (13.211) leads 
to i ■ P = 0. In this manner, x ■ P = can be obtained from P^ = 0. This implies that in 
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the present formulation, the Virasoro constraints = x ■ P = eventually reduce to one 
of these constraints, P^ = 0. Considering the equivalence between = and Eq. fl3.15l) . 
we can treat Eq. fl3.15p or Eq. fl3.17p as an alternative form of the pair of the Virasoro 
constraints. 

§4. An alternative spinorial action 

In this section, we first derive a simpler equivalent form of the action 5*2. Because the 
simpler form is no longer invariant under the full reparametrization (12.41) . next we improve 
it to an alternative spinorial action that remains invariant under the full reparametrization. 

4.1. A simpler equivalent form of the spinorial action S2 

Applying Eq. (13.171) and its complex conjugate to the Lagrangian (13.41) . we obtain 

£2 = -V-2x2ei;""7r„7rA , (4.1) 

where e is a scalar field on S defined by e := cos = e/ a/c^ + f^. Apart from the multiplica- 
tive factor V— 2x^6, Eq. (14. ip has the same form as the spinorial Lagrangian for a massless 
spinless particle.^ This is compatible with the fact that each point on the tensionless string 
moves at the speed of light. Clearly, the action S2 = dTdaC2 is left invariant only under 
the very restricted class of reparametrizations, denoted by 

r ^ r' = r (r) , a ^ a = a\a) . (4.2) 

The invariance of the action S2 under the full reparametrization (12. 4p is spoiled in the process 
of deriving Eq. (14.11) from Eq. (13. 4p . 

It should be noted here that Eq. (14.11) is not equivalent to Eq. (13. 4p . because Eq. (14. ip 
has been found through the use of Eq. (I3.17p . and Eq. (I3.17P itself is not derivable from Eq. 
(14.11) . To extend Eq. (14.11) so as to be equivalent to Eq. (13.41) . it is necessary to incorporate 
Eq. (13.171) into Eq. (14. ip at the Lagrangian level. For this purpose, noting the equivalence 
between Eqs. (I3.15P and (13.171) . we add f^^vfoVrQ multiplied by a Lagrange multiplier field 
K = k,{t, a) to Eq. (14. ip . The extension of Eq. (14. ip is thus accomplished with 

= - (y^2d!^ex"'^ + TT^TT^i . (4.3) 

Now, we verify the equivalence of the Lagrangians (13. 4 p and (14. 3p . Variation of the action 

^3= / drdaCs (4.4) 
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with respect to e and k yields 

i^^TT^TT^ = (4.5) 

and Eq. fl3.15l) . Here, the condition < has been taken into account. Equation fl3.15p . 
which is now understood as a Euler-Lagrange equation derived from S3, leads to Eq. fl3.17|) 
with a phase that, in general, is different from such that tan0 = f/e. (Recall that 
was fixed by using an equation obtained from the action fl3.7p .) To state this situation 
clearly, we rewrite Eq. f l3.17p as x^^tt^ = a/— e*'^7r°, with an arbitrary real function 
(p on S, instead of 0. Applying this expression and its complex conjugate to Eq. (14. 3p . 
we can immediately show that Eq. (14. 3 p becomes Eq. (13. 4p after carrying out the phase 
transformation Conversely, as shown above, Eq. (14. 3 p can be found from 

Eq. (13. 4p . For these reasons, the classical equivalence of the Lagrangians (13.41) and (14.31) is 
established; S3 is now regarded as a simpler equivalent form of 6*2. In spite of this classical 
equivalence, the symmetries of S2 and S3 are different: The action 5*2 is invariant under 
the full reparametrization (12.40 . while the action 5*3 is invariant only under the restricted 
reparametrization (14. 2p . provided that k transforms as k — k' = ((9r/9r')K. Such a difference 
in symmetries between equivalent actions is encountered also in some of the gauge theories. 
Variation of the action 5*3 with respect to tTq, gives 

(^v/^2f2ex"" + /tf 7r« = . (4.6) 

Because V— 2x^ei;"" + kx"" is Hermitian, Eq. (14. 6 p can be solved as 

\/-2f2ei;"° + Ki"" = mtt'^tt" , (4.7) 

with u being a real function on S. (Recall here that x"" is Hermitian, i.e., x^" = x"^, 
because is real.) Contracting both sides of Eq. (14. 7p by Xaa and using Eq. (14. 5p . we have 

v/-2x2ex^ + Kx ■ X = 0. (4.8) 

Similarly, contracting both sides of Eq. (14. 7p by Xaa and using Eq. (I3.15P yield 

V-2x2ex ■ X + Kx^ = 0. (4.9) 

Equations (14. 8 p and (14. 9p . which are treated as a set of simultaneous equations in e and k, 
can possess nontrivial solutions, if and only if ) = 0. This relation is precisely 

the null world-sheet condition (12.211) . Since 5*3 gives Eq. (12.211) in this way, it is recognized 
as an action for the tensionless string. As already shown, the condition (12.210 . together with 
the condition ([2T]), leads to Eqs. (12:221) and fl2:23|) . Substituting these into Eqs. (gS]) and 
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(14.91) . we have k = 0, and accordingly, Eq. (14. 3 p reduces to Eq. (14. ip . Here, it should be 
stressed that this reduction to Eq. (14.11) is seen as the result of solving the Euler-Lagrange 
equations derived from S3. 

From the Lagrangian (14. 3p . the canonical momentum conjugate to is found to be 
Pact = — 2f ^evfaTTQ,. Then, = is automatically satisfied, while the condition x-P = 
is valid with Eq. (I3.15p . In this manner, the Virasoro constraints for the tensionless string 
are verified also in the formulation based on S3. 

4.2. A fully reparametrization-invariant spinorial action 

Let us introduce a real contravariant vector-density field A-' = A-'(r, a) (j = 0, 1) on S", 
which transforms under the reparametrization (12. 4p as 



A^ (0 ^ A'^ (r) 



(4.10) 



where (^°,^^) := (t, o"). Replacing \/ —Ix^e and k in Eq. (14. 4p by A° and A^, respectively, 
we define the action 

S^ = I d^iU (4.11) 



with the Lagrangian 

£4 = — A^X^^TTaTTQ, — X^'^ ^ 

= -A^(9,a:"'^)7r,7r^, (4.12) 

where dj := d/d^^. It is evident that unlike the action 5*3, the action 5*4 remains invariant 
under the full reparametrization (12. 4p . In this sense, 5*4 is an improved version of 5*3; the 
action S3 may be regarded as S4 in a particular gauge (A°, A^) = (V— 2x^6, k). Varying 
A-' in 5*4, we have (^jx"")?!^??^ = or, equivalently, Eqs. (14. 5 p and (I3.15p . Also, the 
equation given by varying it a in 5*4 can be solved as VdjX°"^ = mtt^tt". Combining this and 
(^djX°'°')7TaTra = 0, we obtain the simultaneous equations \^ (^djX°"^)dkXaa = (fc = 0, 1) in 
A^^. These are analogs of Eqs. (14. 8 p and (14. 9p . and lead to the null world-sheet condition 
(I2.2ip . provided that the trivial solution A'^ = A^ = is not admitted. In this way, we can 
derive Eq. (I2.2ip from the action 5*4, and therefore, 6*4 is confirmed to be an alternative 
spinorial action for the tensionless string. 

The spinorial action 5*2 can be found directly from 6*4 in the following manner: Varia- 
tion of 5*4 with respect to A^ yields Eq. (I3.15p . which, as shown above, leads to x^"na = 
_y3py2e*'^7r°'. Applying this to Eq. f l4.12p . we have 

A° / ■ \ 

£4 = ^ (e~'^x''^X^^TTatT^p + e^'^i/x^'^TT^TT^ j . (4.13) 
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Here, we impose the condition A*^ = y—2x^ on Eq. f l4.13p so that the invariance of 5*4 
under the full reparametrization fl2.4p can be restored. Then, by performing the phase 
transformation Eq. (14.131) reduces to Eq. (3.4). Thus, we obtain the action 

Now, we define a twistor and its dual twistor Xa by 

X^=(x",7r^), X^=(7r,,r), (4.14) 

where and are space-time 2-component spinors defined by 

= ^x^'^TTc. , r = -^^""vr„. (4.15) 

With Eq. (I4.15p . it is readily shown that is a null twistor: 

X^X^ = 7r,x" + rvr^ = 0. (4.16) 

The twistor components X"^ and Xa (A = 0, 1, 2, 3) are treated as scalar fields on since 
tTq,, tTq, and have been assumed to be scalar fields on S. In terms of X^ and Xa-, the 
Lagrangian (I4.12p is written as 

£4 = [XAd.X^ - X%Xa) . (4.17) 

§5. A twistor formulation of tensionless bosonic strings 

In the picture of twistor theory, space-time points are taken to be a secondary construct, 
and twistors (or twistor components) are regarded as more primitive variables than the 
space-time coordinates. Following this, first, we introduce twistors 

(a;",7r^), (7r„,c^'^), (5.1) 

without referring to Eq. fl4.15p . For a short while, it is assumed that Z"^ and Za are free of 
the null twistor condition 

ZaZ^ = , (5.2) 

and accordingly, the components Z"^ {A = 0, 1,2,3) can take any complex values indepen- 
dently. Simply replacing X^ and Xa in Eq. fl4.17p by and Za, respectively, we define 
the Lagrangian 

£5 = '-X'{ZAd,Z^ - Z^d.ZA) . (5.3) 
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Here, the components and Za are understood as scalar fields on ^ , so that the action 

S^= I d^L^ (5.4) 



is reparametrization invariant. Mathematically, the scalar fields Z^ = Z^{^) define a map 
from the parameter space S to the twistor space T, a complex 4-dimensional vector space 
coordinatized by {Z"^) := [Z^, Z^, Z^, Z^). As is well known in twistor theory,'^"'!^ a point 
in T, denoted by [Z^^ with vr^ 7^ 0, corresponds to an a-plane, a totally null complex 
2-plane, in complexified Minkowski space CMO More precisely, for an arbitrary twistor 
Z^ = (w", TTa) with Tla 7^ 0, there exists an a-plane 

az := { (z"") G CM I = i^^^Tr^} . (5.5) 

Suppose now that the twistor Z^ satisfies the condition f l5.2p . Then, the equation 

a;" = iz'^'^TTa (5.6) 

has an Hermitian solution z""" = x"",**^ 



In other words, if Z^ is a null twistor, the cor- 
responding a-plane, az, contains real points, which constitute a line of intersection with 
Minkowski space M. This line is precisely a null geodesic in M. (If Z^Z^ ^ 0, Eq. f l5.6p 
has no Hermitian solutions, and hence, az contains no real points.) The general solution of 
Eq. (15. 6p that includes the solution z°"^ = x"" is given by 

where t° is an arbitrary spinor. Obviously, Eq. ( 15. 7p defines an a-plane that intersects with 
M. Because the twistor components Z^ are now scalar fields on S, all the constituents of 
Eq. (15. 7p are treated as scalar fields on S. Using Eqs. (15. 6p and (15. 7p . we can prove 

ZjidjZ^ — Z^djZji 

= 2i(o»jx"")7r<,7r^, (5.8) 



*' The restriction tTq, 7^ can be removed if we take into account the a-planes in complexified compactified 
Minkowski space CM*, not only those in CM. In the present paper, however, we assume tTq ^ 0, and 
accordingly, do not consider CM". 

The Hermitian solution is actually given bj^^J.!!!) 



It is worthwhile mentioning here that with w'^tt^ 7^ can always be provided by utilizing the degrees of 
freedom of choosing the origin in M. 
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which demonstrates that the Lagrangian £5, subjected to the condition f l5.2p . reduces to the 
Lagrangian fl4.12p . Then, we see that to describe the tensionless string in terms of and Za 
at the Lagrangian level, it is necessary to incorporate Eq. (15 ■2p into £5. The incorporation 
is accomplished by adding ZaZ^ multiplied by a Lagrange multiplier field p = p(^) to £5. 
The desirable Lagrangian is thus given by 

£6 = ^A^' {ZAdjZ^ - Z%Za) + pZaZ"" . (5.9) 
Here, p is assumed to be a real scalar-density field on S so that the action 




(5.10) 



can be reparametrization invariant. Variation of 5*6 with respect to p yields the condition 
(15. 2p . and consequently, 5*6 turns out to be equivalent to the spinorial action 5*4. The action 
5*6 is therefore recognized as a twistorial action for the tensionless string. 

§6. Local internal symmetries in the twistor formulation 

In the previous section, the condition (15. 2p has been incorporated into the Lagrangian 
£5 in an ad hoc manner with the aid of the Lagrange multiplier field p. Here, we show that 
Eq. (15.20 and the Lagrangian (15. 9p can be found automatically and naturally on the basis 
of a phase symmetry inherent in £5. 

We first note that £5 remains invariant under the phase transformation 

^ Z'^ = e''Z^ , Za^Z'^ = e-''ZA ■ (6.1) 

At this stage, 9 is assumed to be a real constant. Now, we apply the so-called gauge principle 
to the present formulation. In accordance with this principle, the phase transformation (16. ip 
must be carried out at each point on the parameter space S independently, while preserving 
the smoothness of the transformed fields Z'^ = Z'"^(^). This is realized by replacing the 
constant 6 with a real smooth function 6'(^) on S. After the replacement, Eq. (16.11) is 
read as a /oca/ phase transformation, and no longer leaves £5 invariant. To find an invariant 
Lagrangian, following the usual procedure in gauge theories, we introduce a U{1) gauge field, 
aj = aj(^), and the associated covariant derivative Dj := dj — iaj into S. Then, replacing 
dj in Eq. (15.30 by Dj, we define 

£7 = ^A^(ZaD,Z^ - Z^'D.Za) . (6.2) 
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This Lagrangian remains invariant under the transformation (16.11) supplemented by the gauge 
transformation 

ttj — )■ a'j = aj + dj9 . (6.3) 

It is remarkable that £7 reduces to the Lagrangian (15.91) by setting p = X^aj. The gauge 
transformation of p is determined to be 

p^p' = p + dx9, (6.4) 

where dx denotes the directional derivative dx := X-^dj. Obviously, the Lagrangian (15. 9 p 
is left invariant under the simultaneous transformations (16. ip and (16. 4p . Varying aj in the 
action 

Sr = jj'^Cj, (6.5) 

we have X^ZaZ^ = 0, which leads to Eq. (15. 2 p under the condition (A°, A^) 7^ (0, 0) necessary 
for avoiding trivialities. Thus, Eq. (15. 2p and the Lagrangian (15. 9p can be found from £5 on 
the basis of the gauge principle. 

As readily seen, the Lagrangian (15. 9p remains invariant under the local scale transforma- 
tion 

^ Z"^ = rZ^ , Za^Z'a = tZa , (6.6a) 
Xi ^ = r~^XJ ^ p-^p' = r-^p , (6.6b) 

where r is a positive-valued smooth function on S. The transformations (16. ip and (I6.6ap 
can be combined as a complexified local scale transformation 

Z'^ = vZ^ , Za^Z'j^ = vZa , (6.7) 

where v := re*^. Now, we can say that the Lagrangian (15. 9p remains invariant under the 
transformation (16. 7p supplemented by the transformations 

X3 ^ x'i = r~^XJ ^ p^ p' = r-\p + dxO) . (6.8) 

This implies that actually the Lagrangian (15. 9p is defined for the proportionality class, re- 
ferred to as the projective twistor, [Z^] := \^vZ^\ v E C \ {0}} rather than the (nonzero) 
twistor Z^ itself. (Recall here that tTq 7^ has been assumed.) Correspondingly, Z^ in Eq. 
(15. 9p should be understood as scalar fields that define a map from S to the projective twistor 

PT := { [{Z^)] I {Z^) G T \ {(0, 0, 0, 0)}} , (6.9) 
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where [(Z"^)] := | [yZ"^^ 1 1; G C \ {0}}. Our twistor formulation is thus described with the 
projective twistor [Z^]. This result is consistent with the fact that in twistor theory, PT is 
treated as a space more essential than T. The projective twistor [Z^] is also expressed as 
Z^ by regarding it as a representative element of the set [Z^]. 

§7. Some classical analyses in the twistor formulation 

We can assume, without loss of generality, that A*^ > 0, provided the trivial situation 
A° = is excluded. Then, in terms of the (rescaled) twistors Z'^ := \/~}^Z^ and T^a '■= \/~^Za 
(A° > 0), the Lagrangian (15. 9p can be written as 

= -(^2,^2.^ — Z^^Za^ + -^\{ZaZ^ — Z^Za^ + qZaZ^^ (7.1) 

where A := A^/A° and q := p/A°. The twistor 2,^ is precisely a representative element of 
[Z^]. Under the full reparametrization (12 ■4p . the fields 2."^, A and g transform according to 
the complicated rules that are defined from the transformation rules of Z^, and p. By 
virtue of this, the action Sq = j^d^^C^ with the Lagrangian (17.11) remains invariant under 
the full reparametrization. The gauge transformation (16. 4 p reads 

g^g' = g + e + \e. (7.2) 

Variation of the action 5*6 with respect to Za gives the equation of motion 

Z^ + \Z^ + (^-lQ+]^^Z^ = Q. (7.3) 

In addition, varying A and g in 5*6 yields 

n:='-{ZAZ^-Z^Z^ =0, (7.4) 
5:= ^2.^2^ = 0. (7.5) 

Using Eqs. (17. 3p and (I7.4p . we can show that 

2a 2^ - Z^Za = . (7.6) 

Because 2^ satisfies the null twistor condition (17. 5p . there exist Hermitian coordinate vari- 
ables x"^ ( = x^" ) such that Z^ = {ix^^^Wp^Wo^. In terms of x""" and tUq,, the con- 
ditions (17. 4p and (17.61) are written together as (SjX"")^^^^ = 0. Equation (17. 3p leads 
to x°"^ -\- Ai"" = uw^w^. Combining these equations, we have the pair of equations 
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(x"" + Xx°'°')djXaa = (j = 0, 1), which yields = A^x^ by eliminating x ■ x from this pair 
of equations. Evidently, x^ = A^x^ is compatible with Eqs. f l2.ip . if and only if 

A = 0. 

In this way, the Lagrange multiplier field A is necessarily determined to be zero *3 
result, the transformation rule (17. 2p and Eq. (17. 3p take the simple forms 

g g' = g + , 



- igZ' 

Equation (17. 9p can immediately be solved as 



0. 



r, a) 



exp 



I I g(T,(7)dT 





Z^{0,a) 



(7.7) 
As a 

(7.8) 
(7.9) 

(7.10) 



which is consistent with the local phase transformation Z^ — ?■ Z'^ = e^^Z^ supplemented by 
the transformation (17. 8p . and with the set of Eqs. (I7.4p - (I7.6I) . Because Z^ satisfies Eq. (17.51) . 
it is considered an element of the null twistor space N := {(2'^) € T | ZaZ"^ = O}. The 
solution (17.101) demonstrates that the twistor 2."^(t, a) for each a enjoys a circular motion in 
N. However, because of [2.^(t, a)] = [2,^(0, cr)], this motion is not observed in the projective 
null twistor space PN := {[(^^)] e PT\ ZaZ^ = O}. In PN, the projective twistors 
[2.'^(r, cr)] (ctq < 0" < o"i) describe a (static) smooth curve parametrized by a. 

The canonical momenta conjugate to the twistors Z^ and Za are found from the La- 
grangian (17. ip to be 

=,A 9Cq 



\Za 



77^:=^ = — Z^. (7.11) 

dZ^ 2 dZA 

These equations are read as constraints in the phase space coordinatized by the canonical 
variables {ZA ^Za-,^a-,^^^- All the nonvanishing Poisson brackets between the canonical 
variables are included in 



{Z^(r,a),i7B(r,a)}p = 5^5(a-a) 
{Z^(r,a),i7^(r,a)}p = 5f5(a-a) 



(7.12a) 
(7.12b) 



*' Using Eq. (I4.10p considered for the restricted reparametrization (j2.26p . we can show that the condition 
(j7.7|) leads to A' := A'^/A'° = 0. The condition (j7.7p is thus preserved under the restricted reparametrization. 
Correspondingly, the action 5*6 with Eq. (I7.7p . i.e., 



remains invariant under the restricted reparametrization (j2.26l) . As mentioned under Eq. (I8.ip . the condition 
(|7.7p can be treated as a gauge-fixing condition. Then, the restricted reparametrization is considered to 
represent a residual gauge symmetry remaining in S'g. 
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With the relevant Poisson brackets, we see that the constraints in Eq. (17. lip constitute 
second-class constraints. Then, in accordance with the Dirac formulation for constrained 
systems, the Dirac bracket { , }d is defined in a manner such that 



{Z^(r, a), ZB{r, d)]^ = -z5^5(a - d) , (7.13a) 

{X^(r,a),X^(r,a)}j3 = {^^(r, a), ^^(r, a)}^^ = 0. (7.13b) 

Using the Dirac brackets (I7.13p . we can readily verify that 

{7^(r, a), 7^(r, a)}D = (7^(r, a) + 7^(r, d))5{a - d) , (7.14a) 

{5(r, a), 7^(r, a)}D = 5(r, d)5{a - d) , (7.14b) 

{5(r,a),5(r,a)}D = 0, (7.14c) 



where 5{a — a) := -§^5{(7 — a). Hence, TZ and S constitute a closed algebra at the classical 
level, and therefore, there arise no further constraints associated with Eqs. fl7.4p and (17. 5p . 
Equation (I7.14ap is precisely the (classical) Virasoro algebra without central extension writ- 
ten in a continuous-parameter form. This Virasoro algebra implies that 7^ is a generator of 
the (T-reparametrization a — t- a' = c'^a). In fact, the transformation rule of under the 
infinitesimal cr-reparametrization a' = a — B{a), i.e., 

SZ^{T,a) := Z'^(r,(T)-Z^(r,a) 

= e{a)Z^{r,cr) + y{a)Z^{r,a), (7.15) 

can be written as 

5Z^(r,(T) = - f ' dae{a){n{T,a),Z^{T,a)}^. (7.16) 

J (TO 

Equations fl7.14al) and fl7.14bp immediately lead to the transformation rules of TZ and S under 
the infinitesimal cr-reparametrization. The canonical quantization of the twistor variables is 
carried out with the canonical commutation relations defined from the Dirac brackets f l7.13p . 
In the quantization procedure, it is important to investigate whether the algebra fl7.14p is 
modified or not at the quantum-theoretical level. The study of quantization is in progress, 
and the details will be provided in the future. 

Finally, we mention a resemblance between the twistor formulation of tensionless strings 
and that of massive particles. For this purpose, here, we consider a closed tensionless string 
characterized by the periodicity 

a;""(r, 27r) = x""(r, 0) , P„^(r, 27r) = P„^(r, 0) , (7.17) 



21 



where Vaa is the (negative) canonical momentum 

Vaa ■■= = ^CCOa ■ (7.18) 

The periodicity (17.1 7p can be translated into the condition 2,^(r, 2tx) = e^"'^'^'^Z^{T, 0) with a 
phase 7, which generally depends on r. Regarding Z"^ as a projective twistor, we set 7 = 1, 
and thereby, the above condition for results in the periodicity 

Z^(r,27r) = 2;^(r,0). (7.19) 

From this, it follows that 2.^ can be Fourier-expanded as Z^{a) = Xlnez 2'^^^*"'^, or in terms 
of the spinor representation {ip°',zua) with ip" := ix^^zUa, as 

Here, the r-dependence in each Fourier expansion is to be understood. 

The angular- momentum density of the tensionless string, A^""^""^ := — x^^P"", 

can be written as 

= ^^{a^(S)^aP _ -^a^^ia^fi) _ ^^^21) 

From the 4- momentum and angular- momentum densities Vaa and A^"^"^, the 4- momentum 
and angular momentum of the closed tensionless string are defined by 

= r ?^-(^) ' = r ^M-^^^ia) . (7.22) 

Jo Jq 2n 

In terms of the twistor Fourier-expansion coefficients 

Z^ = (C Wan) , ZAn = an. C) , (7-23) 

satisfying = ■i/'"^ and Wan = '^a-n, the 4-momentum 7aa and the angular momentum 
j^ai3ai3 cxprcsscd as 

>Paa ^ ^ — n^on ; (7.24) 

It is remarkable that Eqs. (I7.24p and fl7.25p are very similar to the expressions of 4- 
momentum and angular momentum of a massive particle written in spinorial forms .'^''^''^ 
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The only difference between the 4-momentum and angular momentum of the closed tension- 
less string and those of a massive particle is that the former, namely, 7aa and M"'^"^, are 
composed of an infinite number of constituent 2-component spinors. In twistor theory, a 
massive particle (or system) is formulated with a set of A^(> 2) twistors, and accordingly, 
the 4-momentum and angular momentum of this particle are written in terms of component 
spinors of the twistors. Analyzing invariance of these 4-momentum and angular momen- 
tum, we see that the massive particle possesses the global internal symmetry characterized 
by an inhomogeneous group that involves U{N) as a homogeneous subgroup.'^ ■'221' 'Eli Such 
an analysis may also be performed for and M"'^"'' ; then, it would be interesting to ex- 
amine what internal symmetry is allowed in the system of a closed tensionless string without 
contradiction to the a-reparametrization. 

The squared mass of the closed tensionless string may be defined by = CPq,q,CP""P''SJ 
Substituting Eq. fl7.24p into this expression and using Wan^n = 0, we have 

M^= J2 (7-26) 

m,raGZ 

Note here that only the products of different Fourier coefficients of cc7a(cr) contribute to M^. 
Equation fl7.26p has the same form as the squared mass of a massive particle written in a 
spinorial form, except that Eq. f l7.26p is an infinite series. Details on M^, including its 
quantum-theoretical properties, should be studied in the future. 

§8. Summary and discussion 

We have provided and investigated spinor and twistor formulations of tensionless bosonic 
strings in 4-dimensional Minkowski space M. We started from the first-order formalism 
defined by the action Si, which is equivalent to the Nambu-Goto action in the tensionful case 
and reduces to the Schild action in a particular gauge. In the tensionless case. Si becomes 
the action 5*1 yielding the two constraint equations f l2.19p and fl2.20p . These equations were 
solved in terms of 2-component spinors, tTq, and ft a, and accordingly, 5*1 was written as the 
spinorial action 5*2 that governs the spinor formulation of tensionless strings. It was pointed 
out that in this formulation, the pair of the Virasoro constraints = and x ■ P = takes 
a concise form (13.150 . To find an alternative spinorial action convenient for our study, we 
also considered the action S^ equivalent to 5*2, although S^ remains invariant only under the 
restricted reparametrization (14.21) . Then, with the aid of the vector field A-' , the action S3 was 
improved to the alternative spinorial action 5*4 in such a way that the full reparametrization 
invariance at the action level is restored. Because ^4 reduces to S2 under a certain condition, 
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S4 can be treated as a fundamental action governing the spinor formulation of tensionless 
strings. 

Beginning with the action S5, we constructed a genuine twistor formulation of tension- 
less bosonic strings in accordance with a concept in twistor theory that twistors are more 
primitive than the space-time coordinates. To describe tensionless strings in M, the action 
5*5 was modified to Sq so as to involve the null twistor condition (15. 2p . It was proven that the 
modified action 5*6 reduces to the spinorial action 5*4, and consequently, 5*6 was recognized as 
a twistorial action for the tensionless string. The action 5*6 was also obtained systematically 
by applying the gauge principle to the global phase symmetry inherent in 6*5. Examining 
the local internal symmetries of the Lagrangian (15. 9p . we made it clear that 5*6 is defined for 
the projective twistor [Z^] rather than the (nonzero) twistor Z^. 

Classical analyses in the twistor formulation were carried out on the basis of the action 
5*6 with the Lagrangian (17. ip . It was shown through an analysis using the condition (12. ip 
that the Lagrange multiplier field A eventually vanishes. This implies that A = is necessary 
so that 5*6 can certainly be an action for the tensionless string. In order to incorporate the 
condition A = into the twistorial expressions without referring to the analysis carried out 
in terms of the space-time coordinates, we need to add the new term 

SpX = Jj'^PX (8.1) 

to Sq. Here, /3 is a new Lagrange multiplier field on S. Varying (3 in Sq := Sq + S^^^ yields the 
condition A = 0, and therefore Sq can be considered a complete action governing the twistor 
formulation of tensionless strings. The additional term S^-^ can be found in a gauge-fixing 
procedure for the gauge symmetries inherent in 5*6. Details on the gauge-fixing procedure 
will be reported in a forthcoming paper. 

By putting A = in 5*6, it becomes the action that has the form of cr-integral of the action 
flB-4p given in Appendix B. Since the action f lB-4p describes a massless spinless particle, Sq 
with A = turns out to describe a set of massless spinless particles arranged along a spacelike 
curve in M. Here, the condition (17. 4p guarantees that this set of particles moves collectively 
in a direction perpendicular to the curve. The tensionless string is thus regarded as a string 
that consists of massless spinless particles subjected to the constraint (17. 4p . This result is 
consistent with Eqs. (I2.22p and (12. 23 p . Recalling that the world line of a massless spinless 
particle, which is merely a light ray in M, is represented by a (static) point in PN, we see 
that the world sheet of a tensionless string is represented by a (static) smooth curve in PN. 
This is consistent with the fact mentioned under Eq. (I7.10p . Comparing Eq. (17. 5p with Eq. 
OB-gp makes it evident that the constituent massless particles of the tensionless string are 
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spinless. If a tensionless string consisting of massless spinning bosonic particles, which we 
refer to here as the tensionless spinning bosonic string, is well defined, then the condition 
S = s is probably obtained instead of Eq. fl7.5p . It may seem that the modification to the 
tensionless spinning bosonic string can easily be accomplished by adding Sg := —2s J^(f^g 
to 5*6. However, unlike the twistor formulation of massless particles provided in Appendix B, 
this is not allowed, because Sg remains invariant neither under the full reparametrization nor 
under the gauge transformation. Adding Sg to 5*6 explicitly spoils the invariance properties 
of 5*6. To avoid this trouble, we need to seek a satisfactory way of incorporating the condition 
S = s to the current formulation. 

Studying the tensionless spinning bosonic string expressed in twistorial terms would lead 
to a supertwistor formulation of tensionless superstrings in 4 dimensions. Also, our twistor 
formulation of tensionless strings is perhaps related to the twistor string theory proposed by 
Witten.'^S We hope to make these points clear in the near future. 

Appendix A 

Solving the Simultaneous Equations l{2.19\) and l{2.20\) 



This appendix is devoted to solving the simultaneous equations f l2.19p and (I2.20p in 
terms of 2-component spinors. In the beginning, we briefly summarize the 2-component 
spinor notation and related conventions.'^''^''^ 

The complex conjugate of a 2-component contravariant spinor 0" {a = 0, 1) is denoted 
as 0°" := r {a = 0, 1). The corresponding covariant spinors 0^ and 0q, are given by 

0a = 0V, 0d = 0%^, 0" = e"%, 0" = e%, (A-1) 
where the rank-2 e-spinors are defined by 

It is obvious that e^^e^'^ = Sa^ and e^^e'^'^ = Sa'^. 
Next, we introduce the sigma matrices 

{a^"°') := -j={cro,ai,-a2,(T3) , (cr'^aa) ■= -^{(^o, 0-1,(72,(^3) , (A-3) 

where cxo denotes the 2x2 unit matrix, and cij (i = 1, 2, 3) denotes the usual Pauli matrices. 
The matrix entries cx^"" and related by 

O aa — 'I (Jv e/Sa^p^, 0/i — '//ij/C ^ O ^ \^ ^) 
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and satisfy 



= Sj6/, (A-5) 

a^^a,"" = 5^ . (A-6) 

Any vectors and are expressed in the 2-component spinor notation as 

= y^a/" , V^^ = V^a^^ , (A-7) 

which can be inversely solved using Eq. (IA-6P : 



= a^aaV''^ , V, = . (A-8) 

By using Eq. flA-4p . the inverse metric r^"^"^ = ri'^'^a^°'°'cri,^^ and the metric Tj^^^^ = 
Vtiv^^aa^^" I3P can be written as 

'/ — e e ! 'laPaP — ^aptap ■ 1^ 

Similarly, the Levi-Civita symbol e^'^^'^ ^^0123 _ _-|^^ written in the 2-component 
spinor notation as 

^ap-ySap-yS _ ^/lu pa ^ ^aa ^ ^P P ^ ^-yy ^ 55 

= i ('g"7e/35e«5g/37 _ ^a5^p^^a-f^p5\ _ j^^.^g^j 



Also, it is known that any real antisymmetric tensor of rank 2, Pij.u{= ~Pvn)-, can be expressed 
as 

= ^ape^P + ^ap^ap , (A- 11) 

where ipap and its complex conjugate ip^^ are symmetric spinors defined by 

i^ap ■■= ^{Pap^^ + Ppa^^) , i^^p ■= \ {Pl^ »$ + P^^ $0) ■ (A' 12) 

Substituting Eqs. (lA-lOp and (lA-lip into the spinor form of the Hodge dual tensor p^" := 
\e^''p"Ppa, we have 

P — 2 P-y5'y5 

= -#"^e"^ + itP'^^e''^ . (A-13) 
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Now, let us consider the simultaneous equations fl2.19p and f l2.20p . or equivalently, 

P«,./3P"''"" = 0, (A-14) 
= . (A- 15) 

From Eqs. f lXOTj) and flX43|) . it follows that 

Pa^apP""^"^ = ^{^a^r^ + i'a^r^) , (A" 16) 

Pa.a.P''^''' = i^a.r' - ^a,r^) . (A-17) 



Then, it is obvious that the pair of Eqs. (]A-14p and (lA-lSp is equivalent to the pair of 
equations ipa/^i^"''^ = and '4'a$'4'°''^ = 0- Because the latter equation is merely the complex 
conjugate of the former equation, we can conclude that the pair of Eqs. flA-14p and flA-lSp 
is equivalent to 

^pc.pr^ = 0. (A-18) 

Recall here the proposition that any totally symmetric spinor can be uniquely decomposed 
into a symmetrized product of rank 1 spinors^^ For the symmetric spinor ipa/Si this 
proposition reads 

= (Paff) + (Pfifa , (A-19) 

with rank 1 spinors 0q, and ipa- Substituting Eq. (]A-19p into Eq. (lA-lSp leads to 0q,v^" = 0, 
which implies that ipa = kipa {k G C). Hence, Eq. flA-191) reduces to ipap = T^aT^p, where 
tTq, := \/2k(f)a. (Here, following a convention in twistor theory, we put a "bar" over the 
undotted spinor, so that tTq, = tTq,.) Substituting tpap = T^a^^p into Eq. (lA-lip . we have 

PaPafi = T^cT^P^afi + T^^T^p^c^H ■ (A-20) 



In this way, the simultaneous equations flA-141) and flA-lSp are solved as Eq. flA-201) in terms 



of the spinors tTq, and tTq,. We can readily verify by direct substitution that Eq. (]A-20[) is a 
solution of Eqs. (1A-I4p and (lA-lSp . Equation (lA-20p is thus equivalent to the pair of Eqs. 
flA44l) and flA45l) . 



Appendix B 

A Twistor Formulation of Massless Particles 

In this appendix, we consider a twistor formulation of massless particles in connection 
with the twistor formulation of tensionless strings studied in the present paper. For a massless 
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particle propagating in Minkowski space M, the action corresponding to the action fIG.Sp is 
given by 



mlp 



dr 



TO 



-X{ZaDZ^ - Z^DZa) 



(B-1) 



with D := — ia. Here, A, as well as Z^ and Za, is taken to be a scalar field on the 
1- dimensional space T := {(r) | tq < r < ri}, while a is treated as a U{1) gauge field on T. 
(Hence, a behaves as a real scalar-density field on T.) Obviously, Smip is left invariant under 
the reparametrization r — )■ t'{t). In addition, it remains invariant under the complexified 
local scale transformation 



^ Z'^ = v{t)Z^ , Za^ Z'a = v{t)Za 
supplemented by the transformations 

A — 7- A = |'y|~^A , a ^ a' = a + 6 



(B-2) 



(B-3) 



with := |i ln(-D/i;). Because of this scale invariance, the twistor Z^ in Eq. (IB-ip is regarded 
as a projective twistor. 

Assuming that A > 0, we can write S'mip as 



5, 



mlp 



dr 



— ( Za Z — Z Za ) + o, Za Z 



(B-4) 



where Z"^ := y/XZ"^ and Za '■= \/XZa- In this expression, the complexified scale invariance 
of S'mip is realized as the invariance under the local phase transformation 



Z^ ^ Z'^ = e'^Z^ , 
supplemented by the gauge transformation 

a ^ a' = a + 6 . 



Za ~^ Za — e Za , 



(B-5) 



(B-6) 



Unlike the twistor formulation of tensionless strings, now there is room to add the 1- 
dimensional Chern-Simons (CS) term 



S 



ICS 



"Tl 

-2s I dra . 



(B-7) 



with a real constant s, to S'mip without spoiling the invariance properties of S'mip stated 
above. In fact, S'lcs has the same invariance properties as S'mip ; that is, S'lcs is left invariant 
both under the reparametrization r — )■ r'(r) and the gauge transformation ( IB-6p . provided 
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9 satisfies an appropriate boundary condition such as 9{ti) = 9{tq). Varying a in the total 
action 



•S'mlp — "S'mlp + 'S'lCS 

^ (B-8) 



r dr I- (ZaZ"^ - Z^Z^ + a{ZAZ^ - 2s) 

J TO L ^ ^ ^ 



we have 

h.AZ'' = s. (B-9) 

This is precisely the helicity condition for a massless particle familiar in twistor iYieoij^^^^ 
Thus, we see that the action S'mlp describes a massless spinning particle as well as a massless 
spinless particle. After the canonical quantization of the twistor variables is performed, the 
Weyl-ordered form of Eq. (]B-9[) applied to an eigenfunction is read as the eigenvalue equation 
for the helicity operator, in which s is understood as a helicity eigenvalue. By imposing the 
single- valuedness on the eigenfunction, it turns out that the allowed values of s are restricted 
to integer and half-integer values in units such that ^ = 1. 

Because S'mlp involves the helicity condition at the action level, it is suitable for describing 
a massless particle with a fixed value of the hehcity s. The action S'mlp can be derived by 
gauging the phase symmetry of the action found by Shirafuji,^^' and for this reason, S'mlp 
may be referred to as the gauged Shirafuji action. This action has also been proposed by 
Bars and Picon in a somewhat different context 
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